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INTRODUCTION 
The inspection of welds in structural plates with ultrasonic contact transducers is an 
important application of ultrasonic NDE [1]. Models that completely describe 
transducerlflaw interactions can help to make reliable, quantitative measurements on the 
welds in question. Thus, recently we have begun development of an ultrasonic weld 
inspection simulator and will present the preliminary work for the simulator in this paper. 
An essential part of any ultrasonic measurement model is the transducer beam model. 
Previously, Thompson and Gray [2] have shown how transducer wave fields in many 
practical testing configurations can be modeled using a Gauss-Hermite theory. This model 
is based on the expansion of the initial displacement field on the transducer surface in terms 
of Gauss-Hermite basis functions and summing up these basis functions at some point of 
interest in the wave field. The theory is inherently based on the paraxial (small angle) 
approximation. 
More recently, Schmerr et. al. [3] have shown how the use of angular plane wave 
spectrum integrals and the method of stationary phase can be used to develop beam models 
that do not rely on the paraxial approximation. When the paraxial approximation is also 
introduced into these more general beam models, however, a paraxial theory is produced 
that should be very close in its predictions to the Gauss-Hermite models since both rely on 
many of the same assumptions. Since this new paraxial theory is in the form of boundary 
diffraction waves [3], we will refer to this model as the boundary diffraction wave (BDW) 
paraxial theory. 
Here, we will compare the Gauss-Hermite and BDW paraxial theories for some cases 
that simulate an angle beam shear wave probe on the surface of a solid. The two theories 
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will be tested, both under conditions common to practical testing setups (modeling 45° and 
60° angle beam probes), and under more extreme conditions (high refracted angles, near 
field). 
BOUNDARY DIFFRACTION WA VB PARAXIAL THEORY 
Before giving the BDW paraxial theory, certain features of our angle beam model 
should be mentioned. As can be seen in Figure 1, the incident wave field in the welded 
material can be attributed to the solutions of two sub-problems: the calculation of the 
incident wave field in the first medium (transducer wedge material), and the propagation of 
this incident wave field through the solid/solid interface into the second medium (welded 
material). The first sub-problem can be modeled as an unfocused contact transducer 
radiating into an elastic medium, a case that has been considered previously by Sedov and 
Schmerr [4]. One of the more interesting conclusions resulting from that work is the fact 
that, as one moves sufficiently deep into the wedge, the incident P-wave in this material 
becomes identical to that of the fluid medium, and the incident S-wave is negligible. Thus, 
we can model the wedge as a fluid medium and treat the entire measurement setup as an 
equivalent angle beam immersion setup provided the second sub-problem mentioned above 
is handled appropriately. 
This second sub-problem is a simple transmission problem through a planar interface 
with the incident wave field (wave field propagating in the wedge material) oriented at an 
oblique angle with respect to the interface. To model this sub-problem with an immersion 
model, the transmission coefficient for a fluid/solid interface in the immersion case must be 
replaced by a transmission coefficient based on the assumption of smooth contact between 
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Figure 1 Geometry of the BDW model with paraxial approximation. 
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two solids which form the solid/solid interface. Since the incident angle of this interface 
problem will be well above the P-wave critical angle, in the paraxial approximation only the 
S-wave components will be prominent in the welded plate. Thus, in this beam model, only 
the mode converted S-waves in the second medium will be calculated from the incident P-
waves radiating in the first medium. 
For immersion problems typically, the formulation of ultrasonic beam models begins 
with the Rayleigh-Sommerfeld integral [5], for the radiation of a planar piston probe into a 
fluid: 
p(~, m) = -impv 0 f exp(ikr) dS 
27t s r 
(1) 
where p is the pressure, v 0 is the uniform velocity on the transducer face, p is the density, 
m is the circular frequency, k is the wave number, S is the surface area of the transducer, 
and r is the distance between an arbitrary point on the transducer surface ( y) and a point ~ 
in the fluid. From this integral and through the use of the angular spectrum of plane waves 
[6] and the method of stationary phase for double integrals [7], the displacement field for 
S-waves in the second medium can be found to be [8] : 
where PpP2 are the densities of media 1 and 2, respectively, Cpt is the compressional wave 
speed in medium 1, c s2 is the shear wave speed in medium 2, Tts/ is the solid (p-
wave)/solid (s-wave) transmission coefficient, 81'82 are the incident and refracted angles, 
respectively, gS is a polarization unit vector, and dp d2 are the direct ray distances in the 
first and second (solid) media. For an immersion setup, Tt~P is the plane wave 
transmission coefficient for shear waves in the solid due to incident P-waves in the fluid. 
To use this fluid-solid model for an angle beam probe inspection problem, we need only to 
replace Tt~p by the corresponding transmission coefficient for a smooth solid-solid 
interface, as mentioned previously. 
Equation (2) is in a form very similar to the original Rayleigh-Sommerfeld integral. 
Instead of the original superposition of spherical waves (exp(ikr)/r) in the fluid, however, 
the integrand in Eqn. (2) is a superposition of elliptical waves in the solid, as obtained by 
ordinary ray theory [3]. 
The expression above is obtained as a high frequency approximation to an exact 
formulation, but the paraxial approximation has not been incorporated into it. In the most 
general case, the displacement field would typically consist of both P-wave and S-wave 
contributions. However, since primarily S-waves exist in angle beam transducers, we 
have retained in Eqn. (2) only the shear wave term for the second medium. 
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Within the paraxial approximation, the bundle of rays leaving the transducer can be 
expanded about one fixed ray such as the central axis of the transducer (all quantities which 
refer to this particular central ray will be denoted by an additional "0" subscript). When 
this expansion is done for Eqn. (2), we obtain: 
where 
{
I y inside S 
e = 112 I on the edge of S 
o y outside S 
(3) 
The integral in Eqn. (3) contains both elliptical waves in the solid (in the paraxial 
approximation) that travel from the edge of the transducer to the point ~ and are modified 
by a directivity function (the denominator in Eqn. (3», and a plane wave term which arises 
from an integral of the term in Eqn. (3) containing the e factor. Thus, Eqn. (3) is in the 
form of a boundary diffraction wave theory [3]. It is this BDW paraxial theory that will be 
compared to the Gauss-Hermite beam model. 
Note that this paraxial theory is based on a central ray expansion which is somewhat 
different from the paraxial ray theory presented in a companion paper [8]. The general 
structures of the two BDW paraxial theories are identical, but the one presented here is 
closest in spirit to the Gauss-Hermite expansions, so we have chosen it to make our 
comparisons. 
COMPARISONS OF THE TWO BEAM MODELS 
Both the Gauss-Hermite and BDW paraxial models have the ability to compute entire 
wave fields in the second medium. However, we've restricted our comparisons here to 
linear scan profiles, where the line is along the x-axis in Figure 2, which is parallel to the 
surface of the steel plate in the plane of incidence of the transducer. The profiles consist of 
the absolute magnitudes of the incident displacements calculated at individual field points 
along this line. This particular line was chosen so the off-axis modeling capability of both 
beam models could be demonstrated and compared (as opposed to strictly on-axis profiles), 
and to correspond to data acquisition procedures for real experiments. 
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Position of the x-axis used for the comparisons. 
Lucite and steel are the media being modeled in the following profiles, with the 
appropriate wave speeds and impedances for each being used in each of the beam models. 
Note that the horizontal axes in these figures correspond to the vertical x-axis as shown in 
Figure 2. The transducer modeled is a 5 MHz, 112 inch diameter, unfocused transducer for 
all comparisons to be shown. The ultrasonic waves travel a distance d in the Lucite 
material (Figure 2), where d is 1.8 cm for all the comparisons. 
Figure 3 shows the normalized displacement profiles computed by both models where 
the transducer is oriented so the main axis for shear waves is refracted at an angle of 450 
(82 in Figure 2). The depth into the steel at which the profiles are computed (h in Figure 2) 
is 2 cm in this case. Excellent agreement between the two models can be seen in this 
particular case. 
Figure 4 represents the same physical situation modeled in Figure 3, except the profiles 
are found for a depth of 1 cm instead of 2 cm. Again, there is excellent agreement between 
the two beam models even as we move well into the nearfield of the transducer wave field. 
Figure 5 shows the displacement profiles when the refracted angle is increased to 600 , 
another common testing angle. The depth into the steel is 2 cm. The agreement between 
the two models is still very good, although small differences in the magnitude of the main 
lobe are becoming apparent. 
Figure 6 shows the displacement profiles at a refracted angle of 750 • The depth into the 
steel remains at 2 cm. Now, differences between the magnitudes of the two models are 
quite apparent, although the nulls and peaks of the profiles still occur at the same positions 
along the x-axis. The same differences were observed when the first medium (Lucite) was 
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changed to water and the resulting profiles were compared for a corresponding immersion 
testing model. 
CONCLUSIONS 
The Gauss-Hermite Beam model and the paraxial form of the BDW paraxial model both 
predict similar incident displacements in the second medium for the angles commonly used 
in angle beam weld inspections (450 and 600 ). However, at higher angles, significant 
differences do appear to occur. Since both theories rely on similar approximations, at high 
angles there appears to be a sensitivity to the different ways in which the two models 
implement the paraxial approximation. This suggests that for high angles, the paraxial 
assumption itself may be questionable. Thus, for future work we plan to test the validity of 
both of these theories against a direct numerical evaluation of Eqn. (2), where no paraxial 
assumption is made. 
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